We classify, up to symplectomorphisms, a neighborhood of a singular fiber of an integrable system (which is proper and has connected fibers) containing k > 1 non-degenerate focus-focus critical points. Our result shows that there is a one-toone correspondence between such neighborhoods and k formal power series, up to a (Z 2 × D k )-action, where D k is the k-th dihedral group. This proves a conjecture of San Vũ Ngo . c from 2002.
Introduction
An integrable system is a triple (M, ω, F ) such that (M, ω) is a 2n-dimensional symplectic manifold, and F = (f 1 , . . . , f n ) : M → R n is a smooth (C ∞ , we always use the term "smooth" in this sense) map such that f 1 The construction of computable invariants -topological, smooth, or symplecticis fundamental in the study of integrable systems. Ideally one would like to classify important classes of integrable systems up to isomorphisms in terms of a collection of such invariants. This was achieved in the 1980s in the seminal work of Atiyah [3] , Guillemin-Sternberg [7] , and Delzant [4] , who gave a classification of toric integrable systems on compact manifolds on any dimension. Here toric means that the flows of the Hamiltonian vector fields of the components f 1 , . . . , f n of the integrable system generate a Hamiltonian n-dimensional torus action. In the past ten years, there has been intense activity trying to extend this classification beyond the toric case. In [11, 12] , this goal was achieved for semitoric systems in dimension 4, where semitoric means that f 1 generates an S 1 -action, f 1 is a proper map, the singularities of F are non-degenerate without hyperbolic blocks, and singular fibers of F cannot be wedge sums of 2 or more spheres. The symplectic invariants of integrable systems can be local (in a neighborhood of a point), semiglobal (in a neighborhood of a singular fiber of F ), or global. Two integrable systems are isomorphic in the local/semiglobal sense if their germs at the corresponding point/fiber are isomorphic. Near a regular point or fiber, the local or semiglobal structure is unique; according the Darboux-Carathéodory theorem the local germ at a regular point is isomorphic to (R 2n , ω 0 , (ξ 1 , . . . , ξ n )) near the origin 0, where (x 1 , . . . , x n , ξ 1 , . . . , ξ n ) are coordinates of R 2n and ω 0 = dx 1 ∧ dξ 1 + · · · + dx n ∧ dξ n is the standard symplectic form. The Liouville-Arnold-Mineur theorem says that when F is proper, the semiglobal germ at a connected regular leaf is isomorphic to (T * T n , ω 0 , (ξ 1 , . . . , ξ n )) near the zero section of the cotangent bundle, where (x 1 , . . . , x n , ξ 1 , . . . , ξ n ) are the canonical coordinates of T * T n and ω 0 = dx 1 ∧ dξ 1 + · · · + dx n ∧ dξ n .
A singular point m ∈ M of F is called non-degenerate if the subalgebra of quadratic forms generated by the Hessians of f i , 1 i n is a Cartan subalgebra of the Lie algebra of homogeneous quadratic functions of 2n variables under the standard Poisson bracket. According to Williamson [18] , the possible local structures of non-degenerate singularities are Cartesian products of four basic types: regular, elliptic, hyperbolic, and focus-focus ones (see [13] for an in depth discussion). In this paper our goal is to construct a complete set of symplectic invariants for a neighborhood of a fiber F of a proper integrable system F : (M, ω) → R n on a symplectic 4-manifold, where F contains any finite number of non-degenerate singularities of focus-focus type. Here being of non-degenerate focus-focus type for a point m ∈ F means that the Hessians of f 1 and f 2 are simultaneously conjugate to Eliasson's normal form theorem (see Eliasson [6] and Vũ Ngo . c-Wacheux [17] ) states that the local germ of F at a non-degenerate focus-focus singularity is isomorphic to (R 4 , ω 0 , q) near the origin 0, where ω 0 = dx 1 ∧ dξ 1 + dx 2 ∧ dξ 2 is the standard symplectic form and q(x 1 , ξ 1 , x 2 , ξ 2 ) = (x 1 ξ 2 − x 2 ξ 1 , x 1 ξ 1 + x 2 ξ 2 ). In particular, non-degenerate focus-focus singularities are isolated (and hence why above we emphasized that F is allowed to have any finite number of such singularities). Throughout this paper, with very few exceptions that we point out explicitly, we assume that F is a proper map and has connected fibers. Then a singular fiber F can contain at most finitely many singularities. The only topological invariant of a compact focus-focus fiber is the number k ∈ N of focus-focus points in the fiber, and the fiber is homeomorphic to a torus pinched k times (Zung [20, 21] ). As a result of Zung's theorem, for any nonzero β ∈ T * 0 R 2 , its Hamiltonian flow (the flow generated by the vector field −ω −1 F * β on F) is either periodic or travels between focus-focus singularities. Pick a β 1 whose Hamiltonian flow is 2π-periodic and β 2 in the latter case, and use (β 1 , β 2 ) to orient F. Two such pairs have the same orientation if and only if their transition matrix has positive diagonal entries. If F contains multiple singular points, we also need to specify a basepoint in M . Two basepointed oriented integrable systems are called semiglobally isomorphic near F if the isomorphism pulls back orientation to orientation and sends basepoint to basepoint.
In 2003, Vũ Ngo . c proved [16] that the semiglobal germ at a compact connected focus-focus fiber with one non-degenerate singularity is classified (up to a (Z 2 × Z 2 )-action if one does not specify orientations, as clarified in [15] ) by a formal power series s ∈ R 2πX , where R is the space of formal power series in two variables X, Y , without the constant term, and R 2πX def = R/(2πX)Z. In his paper, he also stated a conjecture for what he thought should hold in the case when k > 1, which already appeared in the arXiv version of the paper in 2002, and in 2003 [16, Section 7] . His conjecture was that a neighborhood of a compact connected fiber with precisely k ∈ N focus-focus points ( Figure 1 ) is classified up to isomorphisms by k formal power series in R as their invariants, (k − 1) of which measure the obstruction to construct a semiglobal momentum map in the Eliasson normal form simultaneously at two different singular points, and the other of which is the Taylor series of the action integral in a neighborhood of the critical fiber, vanishing at the origin, desingularized at each singular point. This turns out to be the case, the following being the abstract form of the main result we will prove in this paper. To formulate the result, let R + be the group of formal power series in R with positive Y -coefficients, whose multiplication is given by ( 
This formulation of the theorem however hides the fact that we give a step by step explicit construction of the invariants s 0 ∈ R 2πX and g 1,2 , . . . , g k−2,k−1 ∈ R + ; for the case of k = 1, the only invariant is s 0 , and this has been computed (at least some of its terms have been computed) by several authors for important cases such as the coupled spinoscillator system [14, 1] , the spherical pendulum [5] , and the coupled angular-momenta [9] . Roughly speaking, s 0 measures the global singular behavior of the Hamiltonian vector fields X f 1 and X f 2 , where F = (f 1 , f 2 ), near the singular fiber containing the focus-focus point. The travel times of the flows of these vector fields exhibit a singular Figure 1 : A singular fiber of focus-focus type and its neighborhood.
behavior, of logarithmic type, as they approach the singularities. The remaining (k − 1) Taylor series g j,j+1 account for the difference between the Eliasson normal forms at the singularities m j and m j+1 . The theorem says that the entire collection of these Taylor series is a complete symplectic invariant of a tubular neighborhood of a compact focus-focus fiber up to isomorphisms, where an isomorphism preserves the leaves of the foliation induced by F near the singular fiber. See Theorem 6.2 and Corollary 6.4 for complete versions of the statements above.
The proof of the theorem uses the ideas and the tools, developed by many authors in symplectic geometry, notably including the aforementioned results by Arnold, Eliasson, and Vũ Ngo . c and a gluing technique in [12] . We have attempted to make the proof as self-contained as possible and accessible to a general audience of geometers, not necessarily specialists on integrable systems, as focus-focus singularities appear in many parts of symplectic geometry and topology, algebraic geometry (where they are called nodal singularities), and mathematical physics. We would like to point out a related recent work by Bosinov-Izosimov [8] where the authors give a smooth classification of semiglobal germs at compact focus-focus leaves. At this point we do not know how to compute the smooth invariants they define from the symplectic invariants of the present paper.
paper. The second author would also like to thank San Vũ Ngo . c for the invitation to visit the Université de Rennes 1 in November and December of 2016.
Integrable Systems

Definition
Let (M, ω) be a 2n-dimensional symplectic manifold. For a smooth map f : M → R we denote by X f = −ω −1 (df ) ∈ X(M ) the Hamiltonian vector field of f . For any smooth maps f, g : M → R we define their Poisson bracket {f, g} = ω(X f , X g ). Definition 2.1. Let (M, ω) be a 2n-dimensional symplectic manifold. Let F = (f 1 , . . . , f n ) : M → R n be a smooth map such that {f i , f j } = 0 for each i, j with 1 i, j n and df 1 , . . . , df n are linearly independent almost everywhere. In this case we call F a momentum map on M . We say (M, ω, F ) is an integrable system. Let IS be the collection of all integrable systems.
Action by 1-forms
Let 1 B = F (M ) and let U ⊂ B be an open subset. For each β ∈ Ω 1 (U ), its Hamiltonian vector field X β = −ω −1 (F * β) is a vector field on F −1 (U ).
Definition 2.2. An integrable system (M, ω, F ) is called flow-complete if for any open
subset U ⊂ B and each β ∈ Ω 1 (U ), the flow of X β exists for all time. In this case, let Ψ β ∈ Diff(F −1 (U )) be the time-1 map of X β , so then Ψ gives the action of Γ(T * U ) on F −1 (U ) by diffeomorphisms, and Ψ β commutes with F . Similarly, for any b ∈ B and
We will useΛ omitting the superscripts if there is no ambiguity. Definition 2.3. We callΛ the period sheaf of (M, ω, F ), which is a sheaf of abelian groups over B. The local sections ofΛ are period forms. 
) is fiber-transitive. In this case, for any open U subset B, the action of Ω 1 (U ) on F −1 (U ) has each fiber of F as an orbit.
Let P, Q, R : B → M be smooth sections of F . Suppose B 1 ⊂ B is a dense subset over which (M, ω, F ) is fiber-transitive. Consider the sheaf Ω 1 /2πΛ of abelian groups on B. For any open set U ⊂ B 1 , (Ω 1 /2πΛ)(U ) = Ω 1 (U )/2πΛ(U ), and the following
. We call τ P Q the translation form from P to Q. The translation forms satisfy the additivity property τ P Q + τ QR = τ P R .
Definition 2.5. Suppose there is a dense subset Proof. Fix τ ∈ Ω 1 (B ), and let τ = G * τ ∈ Ω 1 (B). Suppose that for any t ∈ R
Then ϕ is a symplectomorphism if and only if for any
Taking the t-derivative,
(2.1)
extends τ x and then (2.1) implies that
Suppose the image of
, both sides of (2.2) vanish. Hence (2.2) always holds and ϕ * ω = ω. If ϕ is a symplectomorphism, then ϕ preserves Lagrangian sections and (2.1) holds for any τ ∈ Ω 1 (B). By multiplying (2.1) by t and integrating for t ∈ [0, 1], we obtain
Proof. Since the two integrable systems are fiber-transitive, and by the conditions of ϕ, for any smooth section Q :
If ϕ is a diffeomorphism between Lagrangian sections, since (M, ω, F ) is fibertransitive, for any smooth section Q :
If ϕ is an isomorphism between integrable systems, for any τ ∈ Z 1 (B) we can define ϕ
For similar reasons as the case of Lagrangian sections, ϕ is uniquely defined and is a bijection. Hence ϕ is a symplectomorphism with F • ϕ = G • F .
Semiglobal symplectic structure on regular fibers
The goal of this section is to give a self-contained proof of the existence of action-angle coordinates. Throughout this paper, we use S 1 = R/2πZ and T n = (S 1 ) n for n ∈ N. Let (M, ω, F ) ∈ IS. Suppose F is proper and has connected fibers. Let B r be the set of regular values of F in B.
Since the F −1 (b) consists of regular points, the action is locally free. Thus the orbits are open and closed, and F −1 (b) is assumed connected, the action is transitive. The kernel is a discrete subgroup of T * b B. Since F −1 (b) is compact, the kernel has to be an n-lattice, and
is smooth by the smooth dependence of the solution to an initial value problem of ordinary differential equations on the initial value x and parameters (
By the implicit function theorem, the following equation
has a smooth solution (β 1 , . . . , β n ) : U 0 → R n . This means β 0 can be extended to a smooth 1-form β ∈ 2πΛ(U 0 ), by possibly shrinking U 0 . Hence there are α 1 , . . . , α n ∈ Ω 1 (U 0 ) which are a Z-basis ofΛ(U 0 ). Now let U ⊂ B r be a simply connected open set. Along any path from 0 to some b ∈ U , we can extend α i , i ∈ {1, . . . , n} to 1-forms near b. Since U is simply connected and the latticeΛ(U 0 ) is discrete, the extension is independent of the choice of the path between 0 and b. SoΛ(U 0 ) uniquely extends toΛ(U ) as an n-lattice.
We call A i the action integrals, a i the action coordinates and θ i the angle coordinates.
Proof. Since α i is closed and U is simply connected, we can define smooth functions
Since {a i , a j } ∈ n i,j=1 R{f i , f j } = 0 for any i, j, the vector fields X α i , i ∈ {1, . . . , n} commute. Choose a Lagrangian section P : U → F −1 (U ). From the choice of α i we know that the flow of X α i generates a T n -action. By translating along the flow of X α i we can define θ i on F −1 (U ) such that θ i • P = 0 on U and
, then we have and
Since
⌟ ω = da i and level sets of θ are Lagrangian, we have
that is, the chart (θ, a) is symplectic.
Local symplectic structure near focus-focus singularities
Local normal form
We call it the local normal form of non-degenerate focus-focus singularities.
Now we compute the action Ψ associated with (R 4 , ω 0 , q). Let z = x 1 +ix 2 , ζ = ξ 2 +iξ 1 , then q 1 + iq 2 = zζ, and
Let c = (c 1 , c 2 ) be the coordinates of R 2 , and let (t 1 , t 2 ) ∈ R 2 , so the action of Ω 1 (R 2 ) is
We will use the identifications
Define subsets of R 4 C 2 as follows:
Here R 4 u and R 4 s are respectively, the unstable and the stable manifolds of 0 in under the flow of X dc 2 . For any (t 1 , t 2 ) ∈ R 2 with t 2 > 0, the origin is the only α-limit point for the flow lines of X t 1 dc 1 +t 2 dc 2 in R 4 u , and the ω-limit point for the flow lines in R 4 s . Let R 2 r C r = {c ∈ C | c = 0}. Let pr 1 , pr 2 : R 2 → R be respectively the projection onto the first and the second component. 
Eliasson local chart
is a local smooth function f : (X, x) → Y whose representatives are diffeomorphisms between neighborhoods of x and y, sending x to y. A local differential form β on (X, x) is a germ of differential forms on a neighborhood of x ∈ X at x. We denote by Ω 1 (X, x) and Z 1 (X, x), respectively, the space of local 1-forms and closed local 1-forms on (X, x).
If moreover (X, ω 1 ), (Y, ω 2 ) are symplectic manifolds, a local symplectomorphism
is a germ of symplectomorphisms between saturated neighborhoods of F 1 and those of F 2 , sending F 1 to F 2 , at F 1 .
A local or semiglobal symplectomorphism f between two integrable systems (X,
Definition 4.3.
A singularity m ∈ M of F is of non-degenerate focus-focus type if (M, ω, F ) near m is locally isomorphic to (R 4 , ω 0 , q ) near the origin, for some smooth map q : That is, there is a local symplectomorphism ϕ and a local diffeomorphism G, such that the following diagram commutes: We will use the multi-index notations in Lemmas 4.2 and 4.3. A multi-index j is a pair (j 1 , j 2 ) where , defined in a deleted neighborhood of 0, where h : (R 2 , 0) → R is a local smooth function, j is a multi-index, j 0 ∈ N, and |j| j 0 + s. In particular, functions in Q s can be extended to C s−1 functions in a neighborhood of 0 for s 1 and are locally bounded for s = 0. We use the multi-index notation. Note that
We have Proof. Using Taylor expansion of f , for any m ∈ N, there exist local smooth functions g j : (R 2 , 0) → R for any multi-index j with |j| = m + 1 such that 
Hence f ln|·| ∈ O(c ∞ ).
Proof. First, we have lim c→0 |f (c)| |g(0)| = 0, so f has an extensionf ∈ C 0 with f (0) = 0. Then,
So, inductively, every higher order derivative off exists and vanishes at 0.
Proof. For c = 0,
We know the fact that for any local smooth function f :
, then both components of ln(1 + f ) are flat, by explicitly calculating the partial derivatives of ln(1+f ). Thus − ln
by Lemma 4.3, we have ln|·|( Proof. Since the map
Isomorphisms of the local normal form
coincides with Ψ κ on R 4 r , Ψ κ is an extension of Ψ κ as a diffeomorphism. Since dκ = 0 in R 2 r , by Lemma 4.6, Ψ κ is symplectomorphism of (R 4 r , ω 0 ). By continuity, Ψ κ is a symplectomorphism. Alternatively, one can verify Ψ * κ ω 0 = ω 0 by explicit computations. g(c 1 , c 2 ) ) for some local smooth function g : (R 2 , 0) → R with 
Proof. By Lemma 2.3, the local map Ψ G * κ can be extended to a semiglobal map. Recall that
Then we have, for c ∈ U ∩ C r , 
, then ϕ G can be uniquely extended to a semiglobal symplectomorphism
Proof. The first part is a result of Lemma 2.3, as c → (1, c) and c → (1, G(c)) are Lagrangian sections of q, and G * dc 1 = dc 1 . For the second part, consider the symplectomorphism 0) . By Lemma 4.8, in this case Ψ G * κ is defined on Ψ G * κ (1, c) . Since ϕ G and ϕ G coincide in their common domain the intersection of a neighborhood of F with R 4 r , they glue to a symplectomorphism ϕ G of (R 4 , ω 0 , F). Proof. By Lemma 2.3, we can extend ϕ to ϕ a semiglobal symplectomorphism of (R 4 , ω 0 , F 0 ). Then we know that, for some saturated neighborhood W of F 0 ⊂ R 4 , That is to say, G(c 1 , c 2 ) = (e 1 c 1 , g(c 1 , c 2 ) ), where e 1 = ±1, for some local smooth function g : (R 2 , 0) → R.
Since ϕ preserves the singular fiber F 0 , and the punctured fiber F 0 \ {0} has two components R 4 u \ {0} and R 4 s \ {0}, either ϕ preserves the two components or exchanges them. In the first case, ϕ(R 4 s ) = R 4 s ; in the latter case, ϕ(R 4 s ) = R 4 u . In any of the four cases above (e 1 = ±1, ϕ(R 4 s ) = R 4 s or R 4 u )), there is exactly one choice of (ϕ 0 , G 0 ) from the set On the other hand, we assume, without loss of generality, that G(c 1 , c 2 ) = (c 1 , c 2 + O(c ∞ )). Otherwise, we can apply a pair of maps in (4.4). Let ϕ = ϕ G be the semiglobal symplectomorphism of (R 4 , ω 0 , F) defined as in Lemma 4.9. Then we have q • ϕ = G • q.
Semiglobal topological structure near the focus-focus fiber
Let IS ff be the collection of 4-dimensional integrable systems (M, ω, F ) ∈ IS such that F is proper and has connected fibers 2 one of which is a singular fiber F over an interior point of B = F (M ). On the singular fiber F, F has non-degenerate focus-focus singularities, and there are no other singularities in a saturated neighborhood of F. These assumptions are not too restrictive since, by the local normal form, non-degenerate focus-focus singularities are isolated. For convenience, we always assume F to be F −1 (0). Let (M, ω, F ) ∈ IS ff . In this section, we give a detailed proof of the topological structure theorem of a focus-focus singular fiber F and its neighborhood. For this reason, we often restrict M to a saturated neighborhood of F for simplicity. Since F is proper, F has finitely many singular points, say k ∈ N, called the multiplicity of F.
For k ∈ N, let IS k ff be the collection of (M, ω, F ) ∈ IS ff where F has multiplicity k. Throughout this paper, we denote by Z k , k ∈ N, the quotient group Z/kZ of residue classes modulo k with the induced operation from the addition on Z. Proof. Let m j , j ∈ Z k , be the focus-focus singular points in F. The regular points may form R 2 , R × S 1 , or T 2 orbits with R 2 -actions by translation, while any focus-focus point itself is an orbit. Let (ψ j , E j ), j ∈ Z k , be Eliasson local charts near m j such that ψ j can be defined in a neighborhood V j of m j in M , such that the flow of 2πX E * j dc 1 is an S 1 -action on F ∩ V j . Note that for any j ∈ Z k , F ∩ V j \ {m j } has two connected components. Since F is proper, the neighborhood F ∩ V j of m j in V j for every j ∈ Z k is compactified by two cylinders of regular points; on the other hand, each cylinder in F has two ends to be compactified by focus-focus points. Thus F is topologically the k-fold wedge sum of S 2 's.
Since there is only one S 1 -action by a subgroup of T * 0 B on each cylinder of regular points in F which should coincide with the S 1 -action on V j , j ∈ Z k , there should be exactly one S 1 -action by a subgroup of T * 0 B, so the kernel of the T * 0 B-action is isomorphic to Z.
We want to show that, integrable systems in IS ff are semitoric near the singular fiber.
Lemma 5.2. Let (M, ω, F ) ∈ IS k ff and B = F (M ). Then the section spaceΛ(B) of the sheafΛ is an infinite cyclic group in Z 1 (B), so it can be viewed as a constant sheaf associated to Z over B. The quotient sheaf restricted to B r , (Λ/Λ(B))| Br , is also a constant sheaf associated to Z over B, namely, there is an assignment to any simply connected open set U ⊂ B r a generator α U of the infinite cyclic groupΛ(U )/Λ(B)| U , such that, for any such open sets U 1 and U 2 , the restrictions of α U 1 and α
Proof. Let m j , j ∈ Z k , be the focus-focus singular points in the singular fiber F. Let β ∈ T * 0 B such that the flow of X β is 2π-periodic. By shrinking M to some saturated open neighborhood of F, we assume that B is open and (ψ j , E j ), j ∈ Z k , are Eliasson local charts near m j such that E j can be defined in B and E * j dc 1 (0) = β. For j ∈ Z k , let β j = E * j dc 1 ∈ Ω 1 (B), so then β j ∈Λ(B). Note that β j is independent of the choice of the Eliasson local chart. Fix c ∈ B r . For j ∈ Z k , let V j be a neighborhood of m j in M such that they do not intersect one another. By a suitable choice of c and V j , there is x j ∈ M r and such that γ j :
is an embedded circle in V j . Since the images of γ j , j ∈ Z k do not intersect one another, they represent the same homology class in H 1 (F −1 (c)) up to the sign. So β j , j ∈ Z k , are equal up to the sign. By the arbitrarity of c and the fact that β j (0) = β for j ∈ Z k we conclude that β j , j ∈ Z k , are the same. Hence the section spaceΛ(B) is an infinite cyclic group βZ. There are some further results for the smooth structure of the neighborhoods of singular fibers in [8] .
6 Semiglobal symplectic structure near the focus-focus fiber: Invariants , E j ) ) j∈Z k where (ψ j , E j ) is an Eliasson local chart at m j , j ∈ Z k , is a singularity atlas of (M, ω, F ).
Orientations and singularity atlas
A singularity atlas is compatible with the orientation (α 1 , α 2 ) if for every j ∈ Z k , (ψ j , E j ) is compatible with (α 1 , α 2 ), and for any flow line of X α 1 in F, whenever the α-limit point is labeled m j , j ∈ Z k , its ω-limit point is labeled m j+1 . 
The automorphism group D k of Γ k is isomorphic to the group generated by γ Y and θ p . That is not a coincidence.
Construction of the invariants
Let (M, ω, F ) ∈ IS k ff and (α 1 , α 2 ) ∈ Ori(M, ω, F ). Let ((ψ j , E j )) j∈Z k be a singularity atlas compatible with the orientation (α 1 , α 2 ).
We construct the first set of the invariants: we split the period form α 1 into the singular part "across singularities" and the regular part. The regular part is an invariant.
Lemma 6.1. The closed form
is smoothable. , 1) , for j ∈ Z k . Since ϕ j is a symplectomorphism, by Lemma 2.2 and the definition of κ in (4.1), the translation form τ P j Q j = E * j κ ∈ (Ω 1 /2πΛ)(B r ). For Q j and P j+1 , note that their images lie in the domain of ψ j , an extension of ψ j .
So ψ j • Q j and ψ j • P j+1 are two smooth sections of q in R 4 ns . By an explicit calculation with the logarithm function, the translation form τ ∈ (Ω 1 /2πΛ (R 4 ,ω 0 ,q) )(R 2 ) between these two section is smoothable, so τ
Note that α 1 is a section inΛ(B), so
is smoothable. The form σ is closed since κ is closed.
Since σ defined in (6.1) is closed, there is a local smooth functions S : (B, 0) → R such that S(0) = 0 and dS = σ for each representative of σ in Ω 1 (B). For different choices of representatives of σ, S differ by integer multiples of 2πA 1 , where A 1 is the action integral with dA 1 = α 1 
be the variables of the formal power series. Definition 6.3. We call σ ∈ (Ω 1 /2πΛ)(B r ) the desingularized period form. We call the coset S + 2πA 1 Z the desingularized action integral.
Let R be the space of formal power series in two variables X, Y , without the constant term, and let
We call s j ∈ R 2πX the action Taylor series at m j .
We construct the second set of the invariants: these invariants are Taylor series reflecting the difference between the Eliasson local charts at different singularities. Definition 6.4. Let R + = g : R 2 → R ∂g/∂c 2 > 0 be a group with the product ( g j, (c 1 , c 2 ) ). We call (g j, ) j, ∈Z k the set of momentum transitions.
∈ R + . They follow the cocycle relation g j, · g ,p = g j,p . We call g j, the transition Taylor series from m j to m . We call (g j, ) j, ∈Z k the transition cocycle. 
Moduli spaces and main theorem
ff be the moduli space of integrable systems in IS k ff up to semiglobal isomorphisms.
We list in Table 1 the definitions of some moduli spaces of integrable systems.
3 The moduli space . . . of . . . up to isomorphisms ϕ such that . . . . Let (M, ω, F, (α 1 , α 2 ), m 0 ) be a basepointed oriented integrable system. Let ((ψ j , E j )) j∈Z k be a singularity atlas compatible with (α 1 , α 2 ) and let (m j ) j∈Z k be the k-tuple of singularities of F . Let (s j ) j∈Z k be the k-tuple of action Taylor series and let (g j, ) j, ∈Z k be the transition cocycle. These series are constrained by the following relations:
Theorem 6.2. There is a bijection
We prove Theorem 6.2 in the remaining subsections.
Φ is well-defined
In this subsection, we are going to show that, the output of Φ does not depend on the choice of the singularity atlas, and we also want to know how the Taylor series will change if the orientation and the base point change.
3 The isomorphism ϕ in Column 3 refers to ϕ :
with F •ϕ = G•F , and similarly for the other entries of the table. Here Ori(B) is the set of 2 orientations of a connected subset B ⊂ R 2 , and Crit(F ) is the set of singularities of F .
Define bijections γ X and γ
is well defined and satisfies the relations:
and let ((ψ j , E j )) j∈Z k be a singularity atlas compatible with (α 1 , α 2 ). Let ((ψ j , E j )) j∈Z k be another singularity atlas and let m 0 be another basepoint. We may need to reorder the singularities to (m j ) j∈Z k so that (ψ j , E j ) is a chart near m j for j ∈ Z k and ((ψ j , E j )) j∈Z k is compatible with some orientation
Let σ, σ be the desingularized period forms, and (g j, ) j, ∈Z k , (g j, ) j, ∈Z k respectively be the set of momentum transitions of ((
Hence we have S = S, s j = s j . Therefore, the map Φ is well defined.
In this case, The bijections γ X , γ Y , and θ p are subject to the relations
Corollary 6.4 (Corollary of Lemma 6.3).
There is a bijection 
Φ is injective
Lemma 6.5. The map Φ :
. Let F and F , respectively, be the singular fibers of F and F . We want to show the two basepointed oriented systems are semiglobally isomorphic, that is, there is a semiglobal symplectomorphism ϕ :
) j∈Z k be a singularity atlas of (M, ω, F ) compatible with (α 1 , α 2 ), and let ((ψ j , E j )) j∈Z k be a singularity atlas of (M , ω , F ) compatible with (α 1 , α 2 ). Proof. Let ρ = α 2 − α 2 ∈ O(c ∞ ) dc 2 Throughout the proof t is a variable in [0, 1]. Let α 2,t = α 2 + tρ, and let R ∈ O(c ∞ ) be such that dR = ρ. Define f t : C r → R as
Note that
(0) > 0 for any j ∈ Z k . Since |f t | |R| near 0, by Lemma 4.4, f t has an extensionf t ∈ O(c ∞ ). Take E = E 1 as E t be the flow of
.
Proof of Lemma 6.5 . Initialization: Let E be the local diffeomorphism in Lemma 6.6. Since
and define local symplectomorphisms
be as in Lemma 4.9 for j ∈ Z k . Since Taylor 0 [E] = (X, Y ) and the two integrable systems share the same transition cocycle,
is a singularity atlas of (M , ω , E −1 • F ) compatible with (α 1 , α 2 ).
Construction of the semiglobal isomorphism:
We define the semiglobal isomorphism ϕ. The definition of the isomorphism is made by induction as follows. Define the local symplectomorphism ϕ 0 = (
M j be a fiber-transitive neighborhood of m j , where ψ j is defined, in (M, ω, F ), and M j ⊂ M is defined analogously. By Lemma 2.3, we can extend ϕ 0 to ϕ 0 a semiglobal symplectomorphism of (M 0 , ω, F ∩ M 0 ).
For j ∈ Z k \ {−1}, suppose we have defined the semiglobal symplectomorphism
Let λ j+1 be a local symplectomorphism determined by the following commutative diagram:
By Lemma 2.3, we can extend µ j,j+1 to a semiglobal symplectomorphism µ j,j+1 of
For ϕ −1 and ϕ 0 , they coincide on regular values of F near F, so by continuity, they must coincide on their common domain M −1 ∩ M 0 . Hence, we can glue ϕ j , j ∈ Z k to get a semiglobal symplectomorphism ϕ : (M, ω, F) → (M , ω , F ) with the commuting diagram:
We want to show that there is (M, ω, F,
The local structures of the integrable system (M, ω, F ) near the singularities m j are isomorphic to the local normal form in Section 4.1, which we can extend to the fiber-transitive subset containing the neighborhood of m j . We use the symplectic gluing technique similar to [12, Section 3] 
r . Note that these spaces depend on δ.
Define, by Lemmas 2.1 and 2.2, symplectomorphisms
for j ∈ Z k \ {−1}, and
Let G be the groupoid generated by the restrictions of ϕ j,j+1 for j ∈ Z k onto open subsets. Recall Γ k is the cycle graph with k vertices. Consider its fundamental groupoid Π(Γ k ) whose elements are of the form
Actually, G consists of restrictions of 
Lemma 6.8. Define a smooth function
Then we have, for any p ∈ Z,
and by (6.4), We define an equivalence equation ∼ G on kW as x ∼ G y if and only if there is a ϕ ∈ G such that y = ϕ(x). Let M = kW/ ∼ G be the quotient space, λ : kW → M , λ j : W j → M , j ∈ Z k be the quotient maps. Let ∆ G = {(x, y) ∈ kW × kW | x ∼ G y}. The map λ j is locally injective: we need to prove that, any x ∈ W j has a neighborhood V in W j such that for any p ∈ Z \ {0}, as long as x is in the domain, the map ϕ [j,j] pk sends x outside of V . If k 2, then x ∈ W j,r . This is a consequence of Lemma 6.8. If k = 1 and x ∈ W j,s \ {0}, we have ϕ [j,j] 1 (x) ∈ W j,u away from x. The case k = 1 and x ∈ W j,u \ {0} is analogous.
The subset ∆ G is closed in kW × kW : suppose there are points (x i , y i ) ∈ ∆ G converging to (x ∞ , y ∞ ) ∈ kW ×kW . Assume, without loss of generality, that (x ∞ , y ∞ ) ∈ W 0 × W j for some fixed j ∈ Z k . Since Since λ j is open and locally injective, λ j is a local homeomorphism, and M is locally Euclidean. Since λ j is open and ∆ G ⊂ W j × W j is closed, M is Hausdorff. Since W i is second countable, M = j∈Z k λ j (W j ) is second countable. We conclude that M is a topological manifold.
Noting that the maps ϕ j, , j, ∈ Z k are symplectomorphisms satisfying q • ϕ j, = G j, •q, there is a unique symplectic structure ω on M , and a smooth function F : M → R 2 such that λ * j ω = ω 0 and G 0,j • F • λ j = q| W j .
Proof of Lemma 6.7 . Let m j = λ j (0) and µ j = λ j | −1 (M,m j ) : (M, m j ) → (W j , 0) be a local symplectomorphism for j ∈ Z k . Finally, we need to show that, the construction (M, ω, F ) in Lemma 6.9 lies inside IS k ff , has a singularity atlas ((µ j , G 0,j )) j∈Z k for singularities m j , j ∈ Z k , compatible with some (α 1 , α 2 ) ∈ Ori(M, ω, F ) such that (6.3) holds.
The triple (M, ω, F ) is in IS k ff : The triple (M, ω, F ) is an integrable system since it is locally isomorphic to integrable systems everywhere, and so the only singular points of F are m j on F, j ∈ Z k , which are of non-degenerate focus-focus type. To show that F is proper, let K ⊂ U 0 be any compact subset. By Lemma 6.8, λ(kW ) = λ(kD). Since q −1 ( G 0,j (K)) ∩ D j is compact, F −1 (K) = j∈Z k λ j (q −1 ( G 0,j (K)) ∩ D j ) is compact. The fibers of F are connected since q has connected fibers.
Computation ofΛ (M,ω,F ) : Let U ⊂ U 0,r be a simply connected open set. Note that κ| U ∈ (Ω 1 /2πΛ)(R 2 r ) and let κ U ∈ Ω 1 (U ) be a representative of κ| U . Let α 2 | U = ds 0 − j∈Z k G * 0,j κ U ∈ Z 1 (U ). We have, in F −1 (U ),
So α 2 | U ∈Λ (M,ω,F ) (U ). Let α 1 = dc 1 ∈ Ω 1 (U 0 ), then α 1 | U ∈Λ (M,ω,F ) (U ). On the other hand, for any τ ∈ Z 1 (U ) to be a period form, it has to satisfy Ψ 2πτ = ϕ [0,0] pk for some p ∈ Z. Therefore,Λ (M,ω,F ) (U ) is the abelian group generated by α 1 | U , α 2 | U . Similarly, we haveΛ ( g 1,2 , . . . , g −1,0 is a bijection.
